g W N

© o N o

AlphaCNOT: Learning CNOT Minimization with
Model-Based Planning

JACOPO COSSIO, University of Udine, Italy

DANIELE LIZZ10O BOSCO, University of Udine & University “Federico II” of Naples, Italy
RICCARDO ROMANELLO, University of Udine, Italy

GIUSEPPE SERRA, University of Udine, Italy

CARLA PIAZZA, University of Udine, Italy

Quantum circuit optimization is a central task in Quantum Computing, as current Noisy Intermediate Scale
Quantum devices suffer from error propagation that often scales with the number of operations. Among
quantum operations, the CNOT gate is of fundamental importance, being the only 2-qubit gate in the universal
Clifford+T set. The problem of CNOT gates minimization has been addressed by heuristic algorithms such
as the well-known Patel-Markov-Hayes (PMH) for linear reversible synthesis (i.e., CNOT minimization with
no topological constraints), and more recently by Reinforcement Learning (RL) based strategies in the more
complex case of topology-aware synthesis, where each CNOT can act on a subset of all qubits pairs. In this
work we introduce AlphaCNOT, a RL framework based on Monte Carlo Tree Search (MCTS) that address
effectively the CNOT minimization problem by modeling it as a planning problem. In contrast to other RL-
based solution, our method is model-based, i.e. it can leverage lookahead search to evaluate future trajectories,
thus finding more efficient sequences of CNOTs. Our method achieves a reduction of up to 32% in CNOT gate
count compared to PMH baseline on linear reversible synthesis, while in the constraint version we report a
consistent gate count reduction on a variety of topologies with up to 8 qubits, with respect to state-of-the-art
RL-based solutions. Our results suggest the combination of RL with search-based strategies can be applied to
different circuit optimization tasks, such as Clifford minimization, thus fostering the transition toward the
“quantum utility” era.
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1 Introduction

Nowadays, significant progress has been observed in quantum computing algorithms, providing
interesting applications for several problem classes, including quantum simulation [1, 15, 27],
optimization [13], and number-theoretic tasks [17, 39].
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Fig. 1. AlphaCNOT Framework. A: The target circuit is encoded into its parity matrix. B: The system dynamics
are modeled as a tree, where nodes corresponds to different circuits obtainable from the starting parity matrix,
based on the values and policies of each node estimated by a pair of Neural Networks (C). D: Eventually, a
suitable path from the root node to the identity matrix is identified. E: The CNOT sequence corresponding to
the selected path is reversed to produce the optimized circuit.

The physical realization of these algorithms requires the definition of abstract circuits, that need
to be compiled into native gate sets [18]. Due to the hardware characteristics of actual quantum
devices, this process introduces several constraints and limitations, including low coherence time
and limited qubit connectivity.

Given these hardware limitations, optimizing this compilation process to minimize gate count
and circuit depth is a critical requirement for successful execution on current Noisy Intermediate-
Scale Quantum (NISQ) hardware [33], characterized by a limited number of qubits and a high
susceptibility to errors.

The CNOT gates (Controlled-NOT) are the primary source of qubit interaction in the Clifford+T
set, since they are the only available two-qubit gates. At the same time, CNOTs are significantly
more prone to error than single-qubit gates [7]. Therefore, a key point to address is the CNOT
minimization problem, which aims to synthesize a target sequence of CNOTs into an equivalent
formulation with the fewest possible gates.

To achieve these syntheses, two different approaches based on the underlying hardware structure
have been developed. The first one is the unconstrained optimization, also called Linear Reversible
Synthesis [30], where every qubit is connected to the other ones and thus all operations are permitted.
On the other hand, the second version is the constrained optimization or Topology-Aware Synthesis
[24], where qubit interactions are limited to the ones of a given quantum device. In this latter case
we generally expect longer syntheses due to the limited topology.

Traditional solutions to CNOT minimization rely on matrix decomposition heuristics, such as
Gaussian Elimination or the Patel-Markov-Hayes (PMH) algorithm [10, 30, 37]. While computa-
tionally efficient, these methods are inherently greedy, i.e. they always opt for the maximum local
cost reduction and frequently fail to converge to the global optimum. More recently, Reinforcement
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Learning (RL) methods have been applied to this domain, often outperforming traditional heuristics,
both in the linear reversible synthesis [35] and in the topology-aware setting [24]. However, these
approaches rely on model-free algorithms, such as Proximal Policy Optimization [38] (PPO). These
algorithms learn directly from the interactions with the environment and do not exploit an explicit
representation of the system dynamics. While these approaches learn which CNOT gate to apply
at each step following a predefined policy, they only explore a single path at a time, lacking the
ability to explicitly plan a synthesis strategy that improves overall solution quality. Essentially, a
model-free agent is comparable to a navigator without a map: it finds the most promising immediate
move, but it cannot foresee if this local decision will ultimately result in a dead end or an inefficient
path.

To overcome these limitations, we tackle the problem using a tree-based search strategy, which
efficiently explores multiple candidate paths and selects the most promising one. We develop
AlphaCNOT, sketched in Figure 1, a model-based RL approach which relies on AlphaZero, first
introduced in [40, 41] to solve complex two-players games, like go, chess and shogi. The tree
structure, central for our method, encapsulates structural information of the problem that facilitates
the search for optimal solutions. In order to increase the expressivity of our reinforcement learning
algorithm we introduce a mixed reward function, which transitions from an initial stage of heuristic-
based feedback to a non-informed reward phase. Our agent addresses the CNOT minimization
problem as a planning task by combining a deep neural network with Monte Carlo Tree Search
(MCTS) [9]

Differently to previous optimization approaches, our method can be applied to both the uncon-
strained linear reversible synthesis and the topology-constrained variant. Our results demonstrate
that AlphaCNOT reduces gate counts by up to 31% compared to the well-known PMH algorithm
[30] and consistently outperforms previous model-free RL baselines [35] and other heuristic al-
gorithms [10, 37] on Linear Reversible Synthesis. On the more complex task of topology-aware
synthesis, we evaluate different topologies (i.e., connectivity maps) with up to 8 quits, obtaining
again consistent advantages over other methods [24].

To support reproducibility and further research on this topic, we release our source code and
pre-trained models !. In our framework, we address the computational cost typically associated
with MCTS by providing a highly parallelized implementation based on JAX [6].

The paper is organized as follows. In Section 2 we formalize both the unconstrained and con-
strained CNOT minimization problems. In Section 3 we present some related works. Our method is
described in Section 4. In Section 5 we discuss experimental settings and results. Section 6 closes
the paper with final considerations and further works.

2 The CNOT minimization problems

2.1 CNOT Circuits

The Controlled-NOT (CNOT) gate is a fundamental two-qubit operation in quantum computing,.
Given a control qubit |i) and a target qubit | j), the effect of CNOT(i, j) is flipping the target qubit’s
value when the control qubit is |1), i.e. the value of |j) after applying CNOT(i, j) is |i @ j). Its
associated unitary, in a 2-qubit setting, is the following

0 0

CNOT = 1)

S O O =
S = O O

1 0
0 0
0 1

!https://github.com/Jaccos01/AlphaCNOT
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Given a CNOT(}, j) gate in a n qubits system, its associated elementary parity matrix E; j is defined
as

Eij =In+ (0 01j) 1< jn @)

i.e., the identity matrix with an additional 1 at position (j, i). Given a Boolean linear reversible circuit
C, i.e., a quantum circuit composed solely of CNOT gates, C = (CNOT, CNOT,, ...,CNOT,,), we
can construct its parity matrix Mc by multiplying the elementary parity matrices Ej associated
with each gate. Specifically, if the gates are applied in the order k = 1,.. ., h, the resulting parity
matrix is given by Mc = EyEp,_q ... E;, where each product is computed over the field Fy, i.e., the
field over {0, 1}.

Note that the parity matrix M of a linear reversible circuit, hereafter called a CNOT circuit, can
be also defined as the only Boolean matrix satisfying

n
y; = @Mz’jxjs (3)
j=1

where y; is the output value of the i-th wire of the circuit, while x; is the input value of the j-th
wire. An example of a CNOT circuit with the corresponding parity matrix is provided in Figure 2.

X1 Ty X 01 0 0 0 O
X2 —B D x1 @ x3 ® Xg 1010 0 1
C: X3 X3 Mg = 0 01 0 0 O
X4 () X3 (23] X4 0 0 1 1 0 0
s D X5 @ X¢ 0 0 0 0 1 1
X6 O—D X2 ® x3 D X 0110 0 1

Fig. 2. Parity matrix M of a given circuit C.

On the other hand, any invertible Boolean matrix M € GL(n, F,) can be synthesized into a linear
reversible circuit composed solely of CNOT gates.

Property 1. Given a CNOT circuit C and its corresponding parity matrix Mc, performing a CNOT
with control i and target j on C is equivalent of applying a XOR operation between rows i and j
on the j-th row on the parity matrix M, i.e., R; < R; ® R;.

It is important to emphasize that the mapping between representations of CNOT circuits and
parity matrices is not injective. Different sequences of CNOT gates can represent the same quantum
circuit, in which case we call them equivalent as they result in the same quantum operation, and in
the same parity matrix M. Figure 3 shows two equivalent representations of the same circuit,

Cy: C:
D D
X1 N o— X1 X1 X1
pany N
X2 P X1 @ x2 ® x3 X2 N> D— x1 ®x2 D x3
D
x3 —P &b X2 X3 AN X2

Fig. 3. Two equivalent circuits C; and C,.
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both of them associated with the parity matrix

= O

M =

S =
== O

0

Since each CNOT circuit C can be mapped to a parity matrix Mc, and any CNOT circuit can be
expressed as a concatenation C = C; - -C, with M¢c = M, - - - M; for the corresponding parity
matrices M;, in what follows we will use the circuit and its parity matrix interchangeably whenever
no ambiguity arises.

2.2 CNOT Minimization on NISQ Hardware

On current and near future Noisy Intermediate Scale Quantum [33] (NISQ) hardware, two-qubit
gates introduce many challenges, as they are usually more error-prone compared to single qubit
gates [33]. This motivates the introduction of the following problem:

ProBLEM 1 (CNOT MiINIMIZATION). Given a CNOT circuit C on n qubits, find a decomposition
C =Cy...Cy, where each C; is a CNOT gate, of minimal length k.

As a consequence of Property 1, Problem 1 is equivalent to finding the shortest sequence of XOR
operations between rows that reduces Mc to the identity matrix. This problem is conjectured to be
in the class NP-hard [20], since no polynomial-time solutions are known for finding the absolute
minimum k. Theoretically, it has been shown that ®(n?/log n) CNOT gates are required in the
worst case [30]. Consequently, Problem 1 has been addressed by various heuristics, which provide
polynomial-time syntheses without aiming at reaching the exact minimum for every instance. The
most important ones, including Patel-Markov-Hayes (PMH) Algorithm [30], AECM and MCG [37],
and GreedyGE [10], are discussed in the following section.

Note that Problem 1 is meaningful as long as the considered hardware exhibits full connectivity
(i.e., each qubit can directly interact with all other qubits). In many quantum computing paradigms,
including superconducting quantum devices [4, 21], the hardware connectivity is restricted, i.e.,
not all qubits pair can interact directly. More in detail, to each hardware is associated a topology,
corresponding to the set of pairs of qubits that can interact. In this regard, the operation CNOT (i, j)
can be executed natively only when the pair (i, j) belongs to the topology of the device. When
this is not the case, interaction typically requires a SWAP operation, which consumes three CNOT
gates. This motivates the following problem variant.

ProBLEM 2 (ToroLoGY AWARE CNOT MiNimizATION). Given a CNOT circuit C and a topology T
on n qubits, find a decomposition C = Cy ...Cy of minimal length k, where each C; is a CNOT gate
between a pair of qubits in T

This variant introduces additional constraints, making many heuristics developed for Problem 2
(e.g., PMH) not applicable. Also this problem is conjectured to be NP-complete. It was proved the
NP-completeness for a variant allowing additional ancilla qubits [2]. Thus, we cannot rely on exact
methods and must instead use alternative greedy solvers as the input dimensions increase.

3 Related work

The problem of minimizing CNOT gates has been addressed in the literature with different method-
ologies, including exact methods [28, 32] and heuristic algorithms [10, 30, 37]. More recently,
Reinforcement-Learning (RL) based solutions have been proposed [24, 35], due to the ability of
RL model to explore efficiently complex solution spaces. These three methodologies are discussed
respectively in Sections 3.1, 3.2 and 3.3.

ACM Trans. Quantum Comput., Vol. 0, No. 0, Article 0. Publication date: March 2026.
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3.1 Exact Methods

With exact methods, we refer to approaches that model the problem through a logical encoding to
find optimal solutions.

A first approach to model CNOT-minimization in the linear reversible circuit setting (i.e., Problem
1) is given in [28]. In this work, the authors develop an algorithm based on the Boolean Satisfia-
bility [8] (SAT) problem, where each variable is modeled with a boolean value, to minimize the
CNOT count in gates composed by CNOT and T gates. By representing the circuit through phase
polynomials, they build a decision problem to determine whether a circuit with exactly k CNOT
gates exists for a given initial representation. Starting with a given ky, if the solver determines the
problem as unsatisfiable, the bound k is increased. Eventually, the SAT solver finds the minimum
CNOT count required to implement the target transformation, providing exact optimal solutions.

Similarly, in [32], the authors propose an Answer Set Programming [14] (ASP) encoding to
address exactly Problem 1. In this work, the task is modeled as finding a sequence of CNOT;; to
map the initial parity matrix M¢ into the identity matrix I,,. At the end of the process, they reverse
the order of the sequence found to construct M starting from the identity.

These approaches are always guaranteed to obtain the minimal CNOT count. On the other hand,
due to their exponential time complexity they do not scale (e.g., in [32] it is shown that the method
does not find a solution in reasonable time for more than 7 qubits).

3.2 Greedy and heuristic algorithms

Heuristic algorithms provide quick and scalable solutions, at the cost of optimality. The first heuristic
algorithm to address linear reversible circuit synthesis is the Patel-Markov-Hayes (PMH) algorithm
[30]. In this influential work, the authors introduce a variant of classical Gaussian reduction for
synthesizing CNOT circuits. The core idea of their algorithm consists of grouping together m < n
columns and work separately on every section, eliminating duplicate sub-rows and thus reducing
the matrix to an upper triangular matrix. Overall, the total number C(n) of CNOT required, while
depending on the choice of m, can be upper bounded by n?/(« log,(n)), for a given a € (0, 1).

After the introduction of PMH, two other heuristic algorithms have been proposed in [37]:
the Alternating Elimination with Cost Minimization method (AECM) and the Multiple CNOT
Gate method (MCG). Compared to PMH, both AECM and MCG can reduce rows or columns in a
nondeterministic fashion, providing a major cost reduction in terms of number of CNOT used.

These two algorithms have been shown to perform better than PMH under certain conditions
(e.g., number of qubits n). However, they are expected to perform worse than PMH for high number
of qubits (i.e., n > 64).

A more recent hybrid approach is represented by the GreedyGE algorithm introduced in [10].
The parity matrix M¢ of a CNOT circuit C is first decomposed into the product of two triangular
matrices, L and U, through the LU factorization. This allows the algorithm to restrict the search
space and apply a greedy row-reduction strategy to L and U independently. This algorithm was
developed to overcome the limitations of both standard Gaussian Elimination —that often gives
sub-optimal solutions—and purely greedy search methods, which suffer from poor scalability.

3.3 Reinforcement Learning

An alternative approach to tackle the CNOT minimization problem involves the application of
Reinforcement Learning (RL) [42, 43] models. RL is a branch of Artificial Intelligence, based on
an autonomous agent which learns how to make sequences of decisions through interaction with
the environment. Every action the agent performs is evaluated by a reward function, reporting a
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positive or negative response to the agent. The goal of the agent is to reach a final state, starting
from an initial one, maximizing the total reward throughout the process.

Recently, RL has been proposed for many tasks related to quantum circuit synthesis [23, 26, 29,
34, 36, 44], due to the ability of RL to outperform many heuristic algorithms.

With regards to CNOT minimization, the first work addressing the topology-aware synthesis
(i.e., Problem 2) is [24]. In this work, the authors consider the problem of circuit synthesis as a
sequential decision process: at every time step t, a chosen CNOT gate g, is applied to the current
operator O, resulting in another invertible operator O;,. Starting from the initial matrix Oy, the
process is iteratively repeated for a given number of steps T until the identity operator Or = I
is obtained. They exploit curriculum learning [5], a strategy in which the agent is asked to solve
iteratively more complex tasks, and a sparse reward function (i.e., the agent is rewarded only when
it reaches the target state) to enhance the agent training.

With regard to Problem 2, they show that their proposed agent, based on Proximal Policy
Optimization [38] (PPO), obtain better results than a PMH variant for topology-aware synthesis
(i.e., PMH on the unconstrained setting, followed by SABRE [45] for routing) on a large selection
of topologies.

More recently, in [35] the authors address the unconstrained version by employing a PPO agent
trained on a fixed dimension (n = 8 qubits), and then evaluate on tasks of different sizes. In
particular, to solve instances of smaller sizes m < n they embed the matrix representation in one
of size n. For higher dimensions, they first apply a PMH-based reduction to “fix” the first m — n
columns, and then employ the RL agent to solve the remaining n X n submatrix. In contrast to
[24], the authors implement an informed reward function based on the Hamming distance. By
combining this approach with a curriculum learning where the agent observes “easier” instances
before addressing more general, complex ones, they obtain a consistent reduction compared to
PMH.

Despite their promising results, the approaches implemented in [24] and [35] are not optimal, as
the problem of CNOT minimization is an instance of a planning problem, over which model-free
RL agents can struggle.

To address this limitation, in this work we explore a different approach using a model-based RL
framework based on Monte Carlo Tree Search.

4 AlphaCNOT: Learning CNOT Minimization

Among various reinforcement learning techniques, methods such as Proximality Policy Optimiza-
tion [38] (PPO) are referred to as model-free, since they learn only through interactions with
the environment without constructing an explicit model of its dynamics. These methods operate
by analyzing sequences of state—action-reward transitions and updating the policy parameters
through gradient-based optimization. Since they do not rely on a model of the environment, they
are particularly suitable for problems where the system dynamics are unknown (like “CartPole”
[3]) or difficult to model (like robot simulations) [25]. On the other hand, model-based algorithms
build a model of the environment, which is then used to simulate possible scenarios for future
actions [42]. In complex combinatorial spaces, such as the space of CNOT circuits (i.e, the set of
invertible Boolean matrices), their ability to explore efficiently and in a structured way allows them
to achieve better and more scalable results.

Our framework, shown in Figure 1, is organized as follows. First, the initial circuit is converted
to its parity matrix (A) which is embedded in the tree-shaped network (B). Within the search tree,
each node corresponds to a specific matrix, while each (directed) edge represents a CNOT gate
application that transforms one matrix into another. The exploration criterion is based on the
values and policies provided by the corresponding neural networks (C), which evaluate each matrix
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of the tree. At the end of the process, the chosen path defines a sequence of CNOT moves (D) that
define a new equivalent circuit (E).

4.1 Problem modeling

The search space of our problem, represented by the set of invertible Boolean matrices, is explored
through a tree-based approach. Fixed a problem dimension n (corresponding to the number of
qubits), a target CNOT circuit C represented by its parity matrix Mc € M, (F;), and possibly a
topology 7, we aim to find a composition of CNOTs equivalent to C. To this aim, we build a tree
in the following way:

e The root node represents the target invertible matrix M¢;

e Each node N is labeled a non-identity matrix M and it has a child for each possible CNOT},
in 7~ (in the unconstrained setting, we can suppose 7~ to be the fully-connected graph). The
child node is labeled by the matrix obtained by applying CNOT}, to M;

e The terminal nodes (i.e., the leaves) are labeled by the identity I,,.

As described in Section 2, each CNOT}, is defined by a control qubit i, and target qubit jp,.
Therefore, in the unconstrained setting, each node N has ©(n?) children. Note that a path from
Mc to I, describes a sequence of CNOTs CNOTy, ...,CNOTy, such that (E; ... Ex)Mc = I,, where
each E; is the elementary parity matrix corresponding to CNOT;, as described in Section 2. For this
reason, CNOTj ...CNOT,; is a decomposition of the target circuit C. In other words, the shortest
path from M¢ to I, is a solution of the CNOT minimization problem. See Figure 4 (left-most panel)
for a representation of the selection of a suitable path through the search tree.

4.2 The AlphaCNOT Framework

Fig. 4. Four-panel visualization of MCTS paradigm. Selection: starting from the root node, which represents
the parity matrix of the initial circuit, a path is selected following the UCT formula. Expansion: whenever a
non-terminal leaf is reached the tree is expanded with a new node. Simulation: following the value and policy
networks, a thorough rollout is played from the newly expanded node. Backpropagation: all the values and
policies are backward updated from the terminal state to the root.

The model-based method introduced in this paper, AlphaCNOT, adopts a paradigm that integrates
deep learning with stochastic search via Monte Carlo Tree Search (MCTS) [9]. The latter is a
heuristic search algorithm that incrementally builds a search tree via Monte Carlo rollouts, so as
to approximate action-value functions. Since the exploration tree becomes exponentially large as
training proceeds, Monte Carlo Tree Search addresses this challenge by expanding branches of the
tree that promisingly lead to higher expected returns. The MCTS paradigm is composed of four
main phases:

ACM Trans. Quantum Comput., Vol. 0, No. 0, Article 0. Publication date: March 2026.
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(1) Selection: starting from the the initial matrix M, the tree is visited by iteratively choosing
CNOTs application according to a selection policy (e.g., Upper Confidence Bound for Trees,
UCT [22]) until a leaf node is reached. This policy balances exploration of less-visited nodes
and exploitation of nodes with high estimated value;

(2) Expansion: if the selected node is non terminal and has unvisited actions, the tree is
expanded by applying a new CNOT move, de facto introducing a new child node. A node is
terminal either if it is labeled by the identity matrix or it satisfies some other properties
described in the environment (e.g., depending on the height of the node). Whenever a
terminal node is reached, the iteration goes directly to the Backpropagation step;

(3) Simulation: from the newly expanded node, a rollout (or playout) is performed by simu-
lating a sequence of CNOTs according to a policy until a terminal node is reached and the
outcome (or reward) can be calculated;

(4) Backpropagation: the result of the simulation is propagated back through the selected
path, updating the parameters (visit counts and value estimates) of all nodes encountered
during the selection phase.

A representation of the four steps is provided in Figure 4.

The training process in MCTS proceeds iteratively through a loop of steps 1 — 4. Each iteration
starts at the node representing the initial matrix, and follows a selection policy to visit the tree
by choosing actions following the tree policy. This descend continues until a leaf node is reached,
corresponding either to an unexpanded state or to a terminal state. If the selected node is non-
terminal and not fully expanded, the expansion phase comes into play: the tree is extended by
adding one or more child nodes corresponding to previously unvisited actions. From the newly
expanded node, a rollout is then performed by simulating a sequence of actions according to a
given default policy straight to a terminal node. Once the outcome of the simulation is available, the
algorithm performs the backpropagation phase, during which the obtained reward is propagated
backward along the path from the expanded node to the root. During this process, each visited
node updates its visit counts and value estimations, which will be used to guide future selections.
This cycle is repeated either a fixed number of iterations or until a predefined time limit.

Since a complete exploration of the graph is computationally infeasible, the general algorithm is
enriched with two neural networks, called policy network (p) and value network (v). The policy
network determines a prior probability distribution over the applicable CNOT gates, providing, at
each step, a statistical guide that prioritizes gates more likely to lead to the target identity matrix.
The value network, on the other hand, provides a continuous estimation of the state’s quality:
it informs the algorithm about the potential outcome of a specific branch, without the need for
exhaustive and expensive rollouts.

4.3 Policy and Value Networks

Both networks share a common architecture based on a Residual MLP (9 layers with 256 neurons
each). Our choice is completely arbitrary, even though the framework allows for any neural
architecture depending on the task complexity.

More in details, each binary matrix M is initially flattened into a vector and then mapped to the
first hidden layer through a linear transformation. We implemented skip connections every two
layers, for a total of three skip connections throughout the net. These residual blocks facilitate the
training process both by mitigating the vanishing gradient problem, and by allowing the network to
propagate information across layers without losing the structural features of the input matrix. The
policy head outputs a probability distribution p over the possible CNOT actions, e.g., n(n — 1) in
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the general all-to-all topology. Conversely, the value head outputs a single number v, representing
the expected return of the current matrix configuration, i.e., how far is the state from a leaf.

4.4 Reward Function Design

When modeling environment’s reward function, it is important to note that the most RL algorithms
struggle when the reward space is sparse, e.g., when most episodes have no positive reward. For
this reason, a simple reward of the form

0 ifM;,#1
Rewards(M;) = 0 i. (4)
1 otherwise,

despite being natural for this problem, would hinder the learning process, as a non-trained model
would have no chance to solve any initial episode, leading to constant reward. A possible solution
to this limitation is the use of curriculum learning [5]. However, it requires to define a distribution
of easy and hard instances, introducing additional complexity.

To address this limitation, we used an informed reward: in particular, we reward each step ¢
based on the hamming distance Hamming(M;, I). In this way we are able to "suggest" a possible
direction to the agent to reach the identity matrix, solving the episode. The risk of this approach
lies on the consideration that, in the worst-case scenario, the agent can learn a greedy solution,
hindering any performance gain compared to heuristics such as GreedyGE.

However, since a model trained the informed reward is able to correctly solve the environment
(i.e., finding a path to the identity matrix), we combined the informed reward approach with an
additional training phase with the simple reward described in Eq. 4, encouraging the agent to
choose the right synthesis that minimizes the total number of gates, without focusing exclusively
on reducing the overall Hamming distance of the intermediate states. From now on, we denote
this combination of informed and non-informed reward as mixed reward. This was proven to be
fundamental for achieving superior performance compared the informed reward, as illustrated by
the green curve over the purple one in Figure 5.

5 Experimental Results

We evaluate our proposed model AlphaCNOT on both linear reversible circuits (Problem 1) and
topology aware synthesis (Problem 2). The shared experimental design for both tasks is detailed in
Section 5.1. Subsequently, we report and discuss the specific findings for all-to-all and constrained
topologies in Sections 5.2 and 5.3, respectively.

5.1 Experimental Design

Note that we use the same experimental setting for both cases. In particular, our model is composed
of 9 layers with 256 units for both policy and value networks, for a total of up to 1.1M parameters.

For the unconstrained problem we use both the informed and mixed rewards as described in
Section 4.4. In the mixed setting, we use half of the steps for the informed reward, and half for the
simple, uninformed one. For the topology dependent setting, we use only the mixed reward. In
particular, we use 80% of the steps for the informed reward, and the remaining for the uninformed.

The number of time steps t varies between the two settings: in case of all-to-all connectivity we
fixed it to 500k, whereas under topological constraints 750nk, where n is the number of qubits (i.e.,
the matrix size). Note that, as shown in Figure 6, in most cases a much smaller amount of steps is
required to correctly solve the environment (i.e., the model is able to synthesize the target matrix).

For both cases, each matrix is generated on-the-fly by starting from the identity and randomly
choosing n? “moves” (i.e., the application of a CNOT). As each matrix can be obtained (in principle)
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with at most O (log"ﬁ) CNOTs [30], our process ensure a fair sampling over the space of possible
2

matrices.

For the unconstrained case, the action space consists of each ordered pair of qubits (corresponding
to each possible CNOT (i, j)). In the constrained case, the agent is restricted to use CNOTs according
to the considered topology.

Finally, the observation space consists of the set of boolean matrices of size n X n, corresponding
to the space of possible parity matrices as described in Section 2.1.

All experiments were conducted on a workstation equipped with an NVIDIA GeForce RTX 3090
GPU (24 GB VRAM) and an Intel Xeon W-2123 CPU (4 cores, 8 threads @ 3.60 GHz) with AVX-512
support, supported by 32 GB of DDR4 RAM. We used Python 3.11.14 and JAX [6] (jaxlib v0.8.1) for
both training and validation. More in detail, we make use of the mctx library [11] for the JAX-native
implementation of the Monte Carlo Tree Search.

5.2 CNOT Synthesis

To assess our method AlphaCNOT, we test the agent on number of qubits n € {4,5,6,7,8}. We
compare the average number of CNOTs obtained by our method with the results from PMH [30]
(implemented on Qiskit [19]), AECM [37], GreedyGE [10], and the PPO-based with Gaussian
Striping solution proposed in [35], denoted as RL-GS, where the agent is evaluated 100 times for
each problem instance to select the best result.

Figure 5 presents the comparative analysis of informed and mixed reward settings. It is clear in
all five cases that the adoption of the mixed reward (green curve) leads to a significant reduction
in mean synthesis length compared to the fully informed one (purple curve). To further evaluate
these results, we benchmark our dimension-based RL agents, denoted as “AlphaCNOT (inf.)” and
“AlphaCNOT (mix.)”, against State-Of-The-Art heuristic methods.

AsRL is inherently non-deterministic, for each instance we evaluate the model 100 times (denoted
as “AlphaCNOT}y”), similarly to what is done in [35] and [24]. For completeness we report also
the results for the model sampled once. Finally, for smaller values of n we present the optimal
solution, found by the ASP model of [32]. Note that computing the optimal values for higher n was
unfeasible under a reasonable timeout threshold of one hour per circuit.

The complete performance metrics are reported in Table 1.

We can observe that our RL approach addresses efficiently the task, as even when used in a
one-shot fashion, our method performs better than all the other algorithms. We also notice that
in the one-shot experiments, the mixed algorithm, AlphaCNOT (mix.), outperforms the informed
one AlphaCNOT (inf.). However, this advantage becomes subtle when considering the 100-shot
experiments. Finally, we observe that the advantages of AlphaCNOT increases with the problem
dimension: from a 21.97% CNOT gate reduction (compared to PMH) with n = 4, we obtain 32.23%
in the n = 8 setting.

5.3 Topology constrained

To illustrate the learning dynamics of our approach, we first analyze the training metrics for a
representative topology-constrained instance. Figure 6 shows, from top to bottom, the total episode
reward, the success rate, and the mean synthesis length for the “6-T” case.

We now evaluate our method in the topology constrained case, following the experimental setting
provided in [24]. In particular, we evaluate AlphaCNOT on selected configurations of realistic
hardware topologies for up to 8 qubits, derived from the following templates: Linear (L), Y-form,
T-form, H-form, and F-form (see Figure 11 in Appendix 6 for further details). We compare our
results with the ones based on curriculum learning provided in [24], denoted as RL-CL. In addition,
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Informed vs. Mixed Reward Optimization

Percentage of Total Environment Steps (Total: 500k)

Fig. 5. Performance gain of mixed reward over the informed one in the unconstrained setting. After the
reward switch, set at 50% of the total time steps, in all five cases the mean synthesis length diminishes when
adopting the mixed reward (green curve) over the fully informed one (purple curve).

we evaluate as a non RL-based solution PMH combined with SABRE [45] (where the PMH approach
is first applied to the unconstrained setting and SABRE routing is performed afterwards), and with
the optimal solution found with ASP on up to 6 qubits. The resulting performance metrics are
summarized in Table 2.

In addition, we provide a comparison of the final CNOT count normalized over the PMH+SABRE
baseline in Figure 7. Notably, AlphaCNOT performance metrics in the 100-shot validation for
n = 4,5, 6 are nearly optimal, confirming the efficiency of our method. Note that in all but the 7-Y
topology, our method in one-shot fashion performs better than RL-CL with 100-shots.

Lastly, we provide the validation time of AlphaCNOT and RL-CL [24] in Appendix 6, Figure 9.

5.3.1 Mixed over Informed Rewards. To better showcase the advantage of using the mixed reward,
we compute the average CNOT reduction over the informed reward. Figure 8 shows the performance
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Problem Size (n)

Approach 4 5 6 7 8

PMH [30] 6.98 11.07 1640 22.62 30.58
AECM [37] 6.61 1058 1534 21.08 27.51
GreedyGE [10] 794 1234 1749 2340 2981
RL-GS¢ [35] 7.19 11.84 16.20 22.61 28.02
AlphaCNOT (inf.) 538 855 1239 17.85 25.81

AlphaCNOT (mix.) 5.32 831 1198 17.45 23.64

AlphaCNOTyqg (inf.) 537 829 1144 1572 21.03
AlphaCNOTygp (mix.) 5.32 8.16 11.10 1541 20.87

Optimal 528 801 10.64 - -

Table 1. Average CNOT count over a set of 100 random instances. PMH results are obtained from the Qjskit
library [19]. AECM and GreedyGE are obtained by custom implementation of the algorithms. The RL-GS
results are reported from the corresponding paper [35]. Best results for each problem size n are highlighted
in bold. Optimal CNOT count is computed with ASP [14], when computationally feasible.

gain (in %) obtained by AlphaCNOT (mix.) when switching from the Hamming-based reward to
the non-informed one, typically ranging from 9% to 15% on average.

Note that all models were able to converge to a success rate of 100%, with the exception of 8-T1
(see Figure 10 in Appendix for additional information). In this case, the reported CNOT Reduction
is computed only on the solved instances.

5.3.2  Ablation study. In this section, we provide a comprehensive ablation study of AlphaCNOT.
We investigate how the model’s performance scales with respect to the architectural complexity
of the policy and value networks. More in detail, we vary the complexity and expressivity of the
networks in terms of hidden units per layer, namely 32, 64, 128, and 256. To provide an estimation
of the performance, we train for limited steps (specifically, 75nk where n is the number of qubits)
in mixed setting (80% informed reward and 20% non-informed reward) for the topologies “4-L”,
“4-Y”, “5-L”, “5-T”, “6-L” and“6-Y”. The results, summarized in Table 3, exhibit the primary metric of
interest, i.e., the mean synthesis length achieved at the end of training. With the only exception
of “6-L”, which fails to converge, the other models achieve a 100% success rate in all settings.
However, a clear trend emerges: as the network complexity increases, the average length decreases,
obtaining more efficient solutions. This behavior confirms that the choice of 256 hidden units
for the 9 intermediate layers of the net represents a reasonable trade-off to obtain high-quality
solutions at affordable architecture complexity.

6 Conclusion

As we steadily progress toward the so-called “quantum utility” [12, 16] phase of quantum computing,
in which quantum technology will become a practical and reliable tool for research and industry,
quantum resource optimization will be a central issue to address.

In this regard, we addressed the CNOT minimization problem as a prime example of circuit
optimization.
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Training Performance Analysis for 6-T
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Fig. 6. Training Dynamics of “6-T” model. The green upper graph exhibits the total episode reward, while
the blue central and purple lower curve describe the success rate and mean synthesis lengths, respectively.
The reward switch, set at 80% of the total environment steps, is highlighted by a red dashed line in the small
figures aside each panel.

By combining Reinforcement Learning with MCTS strategies, our model AlphaCNOT obtained
a substantial reduction in terms of CNOT gates per circuit, compared to both heuristic methods
(such as PMH [30], AECM [37], and GreedyGE [10]) and other PPO-based approaches (like [35]
and [24]). These promising performances encourage the use of model-based RL algorithms when
dealing with challenging problems with high dimensional search space, in which the complete
exploration is computationally infeasible.

It is interesting to note that, despite our model being precisely designed for finding syntheses of
circuits composed solely of CNOT gates, the idea of addressing circuit synthesis with RL models
based on AlphaZero [40] is quite general, and could easily applied to other problems of quantum
optimization that are representable as planning tasks. In particular, one future direction that is
worth exploring is the minimization of Clifford circuits (i.e. circuits composed by gates in the set
{CNOT, H, S}), as similarly to linear reversible circuits, they allow for a compact representation.
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1-Shot 100-Shot

Model Optimal [31] PMH RL-CL; [24] AlphaCNOT; (mix.) RL-CLjgo [24] AlphaCNOT}g (mix.)

4-L 8.96 15.6 10.2 8.97 10.0 8.97
4-Y 7.37 12.9 83 7.37 8.1 7.37
5-L 15.18 29.9 17.2 15.46 16.1 15.24
5-T 13.00 24.8 14.8 13.23 13.9 13.03
6-L 23.33 53.3 27.1 24.54 25.4 23.44
6-T 20.50 45.8 23.9 21.47 22.5 20.66
6-Y 19.76 444 23.1 20.95 21.6 19.89
7-L - 84.3 40.1 37.48 37.5 34.67
7-T - 76.2 36.7 33.36 34.3 31.01
7-Y - 67.9 34.4 31.54 31.0 28.55
8-H - 104.2 48.9 42.40 45.0 38.70
8-F - 116.3 52.2 46.35 47.6 42.03
8-T1 - 123.5 54.1 49.18 49.5 44.82
8-T2 - 106.3 50.6 43.21 45.4 39.19

Table 2. Average CNOT count over 100 instances with topology constraints. Optimal CNOT counts are com-
puted with ASP [31]. PMH results are implemented from qiskit library by first using PMH for unconstrained
decomposition followed by SABRE routing, consistent with what reported in [24]. RL-CL (Reinforcement
Learning with Curriculum Learning) results are taken from [24]. AlphaCNOT performance data, both 1-shot
and 100-shot, refers to the mixed-reward variant.

Mean Synthesis Length
Hidden Size. 4-L 4-Y 5-L 5-T 6-L 6-Y
32 9.10 7.71 16.30 14.05 - 22.98
64 9.14 7.67 16.06 13.70 26.46 22.13
128 9.04 7.61 15.92 13.65 25.41 21.51
256 8.94 7.59 15.53 13.37 24.89 20.97

Table 3. Ablation study across different configuration scales and topologies. Results are expressed in terms of
average synthesis length at the end of the training phase. The rows indicate the number of hidden units per
layer in the policy and value functions. While the smallest configuration was unable to solve any instance of
6-L, each other model was able to correctly synthesize all the 100 instances provided.

In conclusion, our results suggest that Reinforcement Learning will become a central instrument
for quantum optimization, with circuit synthesis representing one of its main challenges. These
improvements could be a first turning point to the transition toward quantum utility in the near
future, where quantum devices will play a crucial role in addressing classes of problems that exceed
the capabilities of classical computers.
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Fig. 7. Normalized gate count in the topological setting. Values represent the percentage of operations
used by RL-CL [24] (red) and AlphaCNOT (blue) with respect to the PMH+Sabre baseline (100%). When
computationally feasible, the optimal values are provided in green for reference. Lower values indicate higher
optimization efficiency.
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Appendices

This section provides supplementary materials, metrics and experimental results that support our
algorithm, AlphaCNOT. The content is organized as follows: Appendix A presents a detailed time
complexity and performance analysis of the methods employed in the topological setting; Appendix
B reports additional insights and metrics regarding the training performance of the topological
case “8-T1”; finally, Appendix C describes the topological structures adopted in our study.

A Inference Time Analysis

Figure 9 reports the inference times for RL-CL (as reported in [24]) and AlphaCNOT on Problem 2.
We also report the time required to find the optimal solution with ASP (in particular, times for up
to 6 qubits are computed on our machine, while the time for 7 qubit is estimated via an exponential
regression, leading to an underestimation of the real required time).

We note that AlphaCNOT requires more time compared to what is reported for RL-CL. Despite
the difference in hardware playing a relevant role in this discrepancy, it is important to note that
tree-based search is, in general, computationally complex. However, even when used in a 100-shots
fashion, our model required less than 2 minutes per circuit, with small differences between different
topologies and qubit counts.

On the other hand, optimal solutions for 6 qubits required up to 30 minutes. A conservative
estimation suggests that for 7 qubits, ASP would require at least 2 hours per circuit.

L Topology Y Topology T Topology Size 8 Topologies
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Fig. 9. Inference time evaluation across all tested topologies. Results for RL-CL are reported from [24]. The
time for the optimal solution in ASP is computed for topologies up to 6 qubits. For 7 qubits is estimated
via regression represent a clear underestimate. Values with empty marks (e.g. 5-L in the second plot with Y
topologies) are selected between topologies with highest similarity (see Figure 11).

B Additional Training Process Analysis

Figure 10 reports three panels showing the training metrics of the AlphaCNOT models across
the “6-Y”, “7-L”, and “8-T1” topologies. After the reward switch, set at 80% of the total time steps,
the total episode reward improves without compromising the success rate. In fact, in all cases the
model succeeded in reaching a 100% success rate within the initial informed phase, except for the
“8-T1” topology, which is particularly challenging. In this scenario, the mixed reward is fundamental
in order to achieve a complete understanding of the problem’s dynamics, enabling the model to
achieve a 100% success rate and effectively reducing the mean synthesis length by a significant 23%.
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Fig. 10. Training Dynamics of “6-Y”, “7-L”, and “8-T1” models shown as three parallel panels. Each panel
uses the same placeholder image. The green upper graph represents the total episode reward, while the blue
central and purple lower curve describe the success rate and mean synthesis lengths, respectively. The red
dashed line highlights the reward switch set at 80% of total time steps.

C Topological Structures

In this final section, we present the topologies used in the comparative analysis with the RL-CL
method [24]. The nodes of the graphs represent the physical qubits, while the edges denote the
connectivity constraints of the specific hardware architecture. In all evaluated cases, the graphs
are considered undirected, i.e., any connection (i, j) permits the execution of both CNOT;; and
CNOT}; operations without distinction.
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Fig. 11. Complete set of the fourteen hardware topologies considered in the study, spanning configurations
from four to eight qubits. The nomenclature is based on the shape and is consistent with what is provided in

[24].
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